Abstract: This paper discusses the pricing of CDOs in a Markov chain framework.
Introduction
In recent years, the market for credit derivatives has become one of the most rapidly growing markets ever. Apart from credit default swaps (CDSs), collateralized debt obligations (CDOs) are the most important contracts. The market for CDOs exceeded $1.5 trillion by the end of 2005. This demonstrates their importance and the need for efficient methods to price these contracts. Currently, practitioners usually apply copula approaches to capture the contagion effects within the firms of the pool. However, copulas are black boxes and practitioners start to realize some of the drawbacks of this approach. In contrast to that, Kraft and Steffensen (2006) present a Markov chain approach that is both tractable and general enough to allow the pricing of various kinds of defaultable contingent claims. This paper shows how their framework can be used efficiently to calculate the spreads of CDO tranches. In the following section, we sketch their framework and show how the tranches of a CDO can be modeled. In Section 3, we discuss the pricing of CDOs in this framework. Section 4 presents a numerical example.
Modeling CDOs via Markov Chains
The underlying of a CDO is a pool of I contingent claims (bonds or CDSs) issued by different firms. We assume that each underlying claim has a notional of N , which leads to a pool size of N I dollars. The default process of the underlying instruments is modeled by a Markov chain with state space J = {0, 1, . . . , I} as depicted in Figure 1 . Each state label corresponds to the number of firms that have already defaulted. Therefore, the chain starts in state 0 and upon the first default jumps into state 1 and so forth. The probabilities of the consecutive defaults are modeled via the transition intensities λ jj+1 . These intensities will be interpreted as the aggregate default intensities of the remaining firms in the pool. To keep track of the number of defaults so far, we introduce the stochastic process Z implying that Z(t) denotes the number of defaults until time t (or equivalently the state in which the Markov chain is at time t). Furthermore, we introduce the (I + 1)-dimensional counting process N = (N k ) k∈J , where N k counts the number of transitions into state k, i.e.
It is assumed that an equivalent martingale measure Q exists under which discounted asset prices are (local) martingales. We assume that there exist sufficiently regular functions λ jk such that N k admits the risk-neutral stochastic intensity process {λ
To allow for stochastic intensities, we introduce an 
where β is an L × L-matrix and β ι is its ι-th row. Besides, W is an L-dimensional standard Brownian motion with uncorrelated coordinates and α ι as well as β ι are functions of t and Y (t). The intensities and the short rate are assumed to be functions of t and Y , i.e. λ jk (t) = λ jk (t, Y (t)) and r(t) = r(t, Y (t)). As pointed out by Kraft and Steffensen (2006) , the process Z is a time-inhomogeneous Markov chain if we condition on the history of Y . Therefore, the risk-neutral conditional transition probabilities q
with terminal conditions q jk (u, u) = δ jk . Here q t denotes the partial derivative with respect to t and δ jk stands for the Kronecker delta, i.e. δ jk = 1 for j = k and zero otherwise. 
We assume that the coupons have already been adjusted according to the interest rate period ∆t. Quarterly paid coupons (∆t = 1/4) and an interest per annum of s m = 5% (for tranche m), for example, yield a coupon value of 0.05/4. However, if the tranche has already been affected by subsequent defaults, then we need to adjust the coupon payments by a thinning factor θ j m , depending on the tranche m and on the state j of the Markov chain characterizing the CDO. We denote the aggregated loss after j defaults by L j , which is assumed to be constant for fixed j. The thinning factors (as percentages) are then defined by
and we set ∆θ . . .
Pricing CDOs via Markov Chains
Using standard arguments, the value of the fee and the protection legs of the m-th tranche can be expressed as
where E t [·] = E[·|Z(t), Y (t)] and k(t) denotes the next coupon date after time t. The fair spread s * m (t) is chosen such that V f,m (t) = V p,m (t).
The fee leg can be interpreted as an Z-dependent coupon payment, whereas the protection leg consists of payments upon transitions of the Markov chain. Therefore, these representations can be rewritten. 
Proof. The results follow from Proposition 3.2 in Kraft and Steffensen (2006) . 
. , I. (ii) The value of the protection leg of the m-th tranche satisfies the following system of partial differential equations
Proof. These results follow from applying Theorem 3.1 in Kraft and Steffensen (2006) . Of particular interest is the situation where the transition intensities are constant. This assumption implies that the transition probabilities do not depend on Y and we thus write q jk (instead of q jk|Y ). In this case, the values of the legs (2) can be rewritten as follows:
where p(t, s) denotes the time-t price of a default-free zero-coupon bond with maturity s. Equations (3) possess the convenient property that the only unknown quantities are the transition probabilities q 0i that, however, can be calculated easily by solving the Kolmogorov equations (1), i.e. by solving a system of ordinary equations. This is a well-studied problem that, in our case, has an explicit solution. The interested reader is referred to Kraft and Steffensen (2006) who discuss this issue in great detail.
Numerical Example
We calibrate the transition intensities λ jj+1 to the spreads of the equity tranche [0%, 3%] of a CDO on the iTraxx index. We define the average intensity per non-defaulted firm in state j as λ jj+1 = λ jj+1 /(I − j). The tranche notional is 37.5 million euros and the loss given default per name is assumed to be 6 million euros. Thus, the entire tranche has been wiped out once Figure 2 . The slope of the graph can be interpreted as the contagion that is priced into the spreads by the market. The steeper the slope, the greater is the implied contagion effect. 
